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Abstract—Time domain matched filtering is a classic method
used in radar and sonar applications to maximize signal to
noise ratio (SNR) gain, estimate time delay, and improve range
resolution. Fractional Fourier transform, and fractional Fourier
domain matched filtering are used extensively to overcome the
drawbacks of time domain matched filtering and are shown
to have improved performance for a linear chirp. This paper
presents a generalized fractional matched filtering (GFMF) for
estimating higher order chirp parameters with known time delay.
It is shown to provide SNR gain equivalent to time domain
matched filtering. As an application of GFMF, a novel method
to minimize SNR gain degradation due to the range-Doppler
coupling effect of quadratic chirps is presented. For a higher
order chirp with unknown time delay, another method using
generalized fractional envelope correlator (GFEC) is proposed,
which performs joint estimation of time delay and higher order
chirp parameters using a double quadratic chirp.

Index Terms—Higher order chirp, fractional matched filtering,
parameter estimation, fractional envelope correlation.

I. INTRODUCTION

Time domain matched filtering correlates a known signal
(replica of the transmitted signal) with an unknown signal
(received signal) [1]. Time domain matched filter gives the
highest SNR gain, improves range resolution, and is useful
for estimating time delay of high SNR as well as low SNR
moving targets in radar and sonar applications. In the case of
linear and higher order chirps, time domain matched filtering
produces significant degradation in output SNR due to the
range-Doppler coupling, and is unable to estimate higher order
chirp parameters [2, pp. 803-806].

The fractional Fourier matched filter was proposed for
linear chirps, and it was shown to perform better than time-
domain matched filtering in the presence of chirp noise [1].
FrFT (fractional Fourier transform) and FrFT domain matched
filtering also provide better sidelobe suppression as compared
to time-domain matched filtering for linear chirps [3], [4].
FrFT performs better than time-domain matched filtering for
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linear chirps in the presence of Doppler frequency because its
peak amplitude depends on the chirp rate.

The second section of this paper describes the basics
of generalized time-frequency transform (GTFT). The third
section of this paper describes GTFT based matched filter
called GFMF, which generalizes fractional and time domain
matched filtering. Its SNR gain is shown to be comparable to
time domain matched filtering for higher order chirps. It also
describes applications of GFMF to solve SNR gain degradation
due to the range-Doppler coupling effect in quadratic chirps.

GFMF estimates higher order chirp parameters with known
time delay. But in case of unknown time delay, joint time
delay and higher order chirp offset parameter estimation
is an important issue in signal processing and well-known
problem in wireless communication systems [5], [6]. Joint
estimation of time delay and frequency offset was proposed
using sum of two linear chirps waveform by fractional Fourier
envelope correlator [S]. Fractional Fourier envelope correlation
provides good target detection in case of low SNR, and it
gives superior noise performance compared to FrFT [5]. Joint
estimation of time delay, frequency offset, and frequency offset
rate was proposed for the detection of passive systems by
cross-ambiguity function [6]. However, it cannot be used for
detecting higher order frequency offset parameters. This paper
proposes a novel method for joint estimation of time delay and
higher order chirp offset parameters using GFEC and double
quadratic chirp, described in the fourth section of the paper. It
also describes mean square error (MSE) simulations for joint
parameter estimation of time-delayed higher order chirp.

I1. Basics oF GTFT
If a signal z(¢) has finite absolute integral (finite L* norm),
its GTFT evaluated at parameters (o, \) is given by
+oo
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where K, A(t, f) is kernel of GTFT and defined as [7]
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where h(-) is a real valued dimensionless function, n is an

integer, « and A are real valued GTFT parameters, ¢y (in
seconds), fo (in Hertz) are dimensional normalisation factors,
2 = T’]’;:”, = Tf t2f2 =1, Typaz is the window length
during GTFT and fS is the sampling frequency.

The GTFT can be used to analyze a much wider variety
of frequency modulated signals by varying h(-) in the GTFT
kernel. Cubic-kernel-GTFT (ck-GTFT) may be defined by
substituting the parametric function h(-) as

h(\, z) = TAZ>. 2

It is to be noted that ck-GTFT is similar to third order
polynomial Fourier transform, with the added advantage of
possessing the property of index additivity of angle.

III. GENERALIZED FRACTIONAL MATCHED FILTER

This section presents the mathematical derivation of maxi-
mum SNR gain and impulse response of GFMF.

A. Maximum SNR gain and impulse response of GFMF

Let Sox(fa,n) represent the GTFT domain power spec-
tral density at (a, A) for input time domain additive white
Gaussian noise (AWGN), where o and A are parameters of
ck-GTFT kernel. GTFT domain power spectrum density is a
generalization of the fractional power spectral density [8]. Let
Hy 2(fa,n) be the transfer function of the matched filter in
GTFT domain at parameters (c, \).

Output noise power spectral density S5\(fa,x) at (o, A) is
given by ngtg(fa,)\) = |Hoz,>\(fa )\)|2 o /\(fa )\)

Thus, total output noise power at (a, \) f Sg“/{ Jax)dfo

From conservation of energy along any angle in GTFT,

/ SES(far)dfar = / Sa+7r/2 A fatr2 ) dfagrjan. ()

Let Xo(fa,n)s Yar(fa,r) be the input and the output of the
GFMF at parameters (a, A) respectively. If SNR2" )\ is output
SNR of GFMF at («, A), then we have

Peak signal power in GTFT domain at («, \)
Total noise power in GTFT domain at (o, \)

SNRJ =

The output signal Y, x(fa,x) at (a,A) is given by
F= [Xa—i-%,/\(fa-i-%,k) 'Ha—&-%,/\(foz—&-%,/\)], where 'z is

the inverse Fourier transform operator. Assume o+ 7/2 = 8
then the output SNR of the GFMF is:

| Xaa(fan)Hp(f3,5)
max | —°°
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Let numerator be highest at f, » = f. ,, then output SNR is
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From Cauchy-Schwartz inequality, we get
SNRZS /' Xoallsa)l yp, (6)
Spalfan) 77
Thus, maximum SNRZ' = / X Sﬁ Alf.) f@,\. (7)
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Let n(t) be time domain AWGN with power spectrum density

2 and E is expectation operator in GTFT frequency domain.

Then, the GTFT domain power spectral density of n(t) at
parameters (3, \) can be written as:

’/ KﬂATfBA)dTHa
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From conservation of energy along any angle in GTFT,

Sga(fan) =

®)

J 1 XsA(fs,2)?dfs,» = T, where T is pulse width. The input

noise power spectrum density at 5 in Eq. (8) is substituted
in Eq. (7) to get the expression for maximum SN R"“t After
these substitution in Eq. (7), maximum SN Rg“ =2. T/n.
Considering a unit amplitude signal, we get
) Maximum SN R
GFMF SNR gain at (o, \) = ,
SNR
2.
= T/n = 7’7
2/n
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where SNR', is the input SNR at (a,)), and SNRY', =
%ﬂ. Thus, the SNR gain of GFMF at («, \) is equal to time
domain matched filter, as demonstrated in Eq. (9). Equality
holds in Eq. (6) when,

l Koalfaa) ] — . [/Saa ()
)
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. Hﬁ’)\(fﬁ,/\)eﬂﬂfa,xfﬁ,x} ,
where k is a real constant and * is the conjugate operator.

X5 (fan) - e~ 127 f afs.x

(11)
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Now, from Eq. (11), by taking inverse Fourier transform we
get the impulse response of GFMF at («, \) as:

2Xoa(Fax = fan)
Ho(fan) = =257 :

(12)

Without loss of generality we can assume k = 1 (as k is a
proportionality constant) and f&_’ » = 0. Then, we get

2X3 A (= fa)
Ha,)\(f(x,)\) - #

13)

When A = 0, from Eq. (13), then impulse response of GFMF
becomes impulse response of fractional Fourier matched filter
[3]. When A = 0 and @ = 7, then impulse response of GFMF
becomes transfer function of time domain matched filter.

B. Simulation results: SNR gain comparison of GFMF

In this section, Monte Carlo simulation of 500 iterations
has been performed to compare SNR gain of GFMF with
SNR gain of time domain matched filtering, FrFT, and GTFT
for a single quadratic chirp. Fig. (1) shows the SNR gain
comparison in the presence of AWGN noise and zero Doppler
frequency of quadratic chirp.

As shown in Fig. (1), SNR gain of GFMF is equal to SNR
gain of time domain matched filtering, and this corroborates
the mathematical derivation in Eq. (9). GFMF is useful as
compared to time domain matched filtering, as it gives equiv-
alent SNR gain and is able to estimate higher order chirp
parameters. SNR gain of GTFT is less than GFMF. SNR gain
of FrFT is less than GTFT and GFMF due to the presence of
the quadratic phase. GFMF outperforms time domain matched
filtering, FrFT, and GTFT in terms of SNR gain and estimating
higher order chirp parameters with known time delay. For
chirps with unknown time delay, we propose another method
in the fourth section of this paper.

The parameters for the simulation are pulse width = 1 sec,
SNR variation = (0:10:40) d B, chirp rate = 100 H 22, quadratic
rate = 150 H 2>, time delay = 0 sec.
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Fig. 1. SNR gain comparison at 0 Hz Doppler frequency

C. GFMF applications: Range-Doppler coupling effect

In this section, Monte Carlo simulation of 500 iterations
has been performed to compare SNR gain degradation of time
domain matched filtering with GFMF for a single quadratic
chirp. Time-domain matched filtering gives SNR gain degra-
dation due to a significant mismatch between the transmitted
and received waveforms in the case of linear chirp and higher
order chirp. When the Doppler frequency of the received
waveform is large with respect to waveform bandwidth, then
time-domain matched filtering produces significant degrada-
tion in output SNR [2, pp. 803-806]. The simulation shown
in Fig. (2) compares the SNR gain of GFMF and time
domain matched filtering with varying Doppler frequency.
Similar simulation parameters as the previous simulation are
considered, and Doppler frequency varied with the percentage
of signal bandwidth, denoted as percentage fractional Doppler
shift. In the simulation, SNR gain of time domain matched
filtering decreases with an increase in Doppler frequency. SNR
gain in GFMF is almost constant with respect to Doppler
frequency because the peak amplitude of GFMF depends on
a and X\ parameters of GTFT kernel and is independent of
Doppler frequency. Hence, GFMF is capable of solving SNR
gain degradation due to the range-Doppler coupling effect in
quadratic chirps.
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Fig. 2. SNR gain variation w.r.t percentage fractional Doppler shift

IV. GENERALIZED FRACTIONAL ENVELOPE CORRELATION

In the case of GFMEF, for quadratic chirps, peak amplitude’s
position depends on « parameter of GTFT kernel, which in
turn depends on time delay. Since quadratic chirp contains



third order phase terms, a closed-form expression for a peak
position of GFMF output is difficult to determine. Hence, this
section presents GFEC, which is a generalization of fractional
envelope correlator [S]. GFEC is a method to determine time
delay and perform joint estimation of higher order chirp offset
parameters in case of unknown time delay.

A. Calculation of peak shift

This subsection presents the calculation of the peak position
of GFEC output for a quadratic chirp.

1) ck-GTFT of the transmitted chirp pulse: Consider a
quadratic chirp transmission waveform z'" (¢) as:

ztr (t) — rect (t> eia”n't2+ic7rt37

T

(14)

where a is chirp rate and c is quadratic rate. We define \° and
a° to be corresponding A and « at matched conditions respec-
tively. Also, XZCI, /\‘1’( f) is the corresponding GTFT transform
of x'"(t) at matched conditions. Thus, at matched GTFT of
cubic phase, c— f3\¢ = 0, quadratic phase f3 cota$+a =0,

and putting A,e = |/cosecaf, we get

|Xi’%’>\,f(f)\ = AqoT - sinc(fas xe - cosecay - 7). (15)
2) ck-GTFT of the received pulsed chirp waveform: Con-
sidering an extension of the echo model presented in [6], the
received signal "¢ (t) is taken to be:
precy (t) — x(t _ td>_eiQWfdt+inav~t2+iWth3

= rect {ttd} eiCﬂ(tftd)3+ia7r(t7td)2 (16)
T

.eiQTrfdt+i7Tart2+’iﬂ'J7«t37
where ¢, is time delay, f, is frequency offset, a,. is frequency
offset rate, and J, is rate of frequency offset rate. Also,
X529 (f) is the corresponding GTFT transform of " (t) at
matched conditions. At matched cubic phase (c+J,.) — f3A§ =
0, quadratic phase fZ cot a§+a+ a, — 3cty = 0, and putting

— o
Ang = y/cosecasy we get

X259 (/)] = Aagrsine(r[ feoseca$ — f71),

A7)

where fP = 1.5¢t3 — aty + fq. Further, substituting quadratic
matched conditions, a = 3¢ty — a, — f& cot a§ of the received
signal in the expression of fP we obtain,
fP = fitgcotag + fq — 1.5ct? + a,tq, (18)
3) Envelope correlation in GTFT domain: GTFT of trans-
mit wave at parameters (a5, A$) is taken from Eq. (15), and
GTFT of the received wave at parameters (a3, A3) is taken
from Eq. (17). In this method, cross correlation of known
transmitted waveform and the unknown received waveform
is performed, without considering the phase component. We
choose the chirps such that |sin a§|> |sin af|. Using Eq. (15)

and Eq. (17), we formulate GFEC correlated output X “°"" (e),
which can be written as a multiplication in the Fourier domain.

X0 () = F [F IxTee ()l - Fz’nX”(f)H] ,
Aa‘f Aocg

=F% . .
cosecar] cosecars

4
- rect
L’cosecaf ]
] exp (2wt sin ag fP) ] ,

= Ano AngTsinaisine(r - [f - cosecag — fP]).

rect| ————
Tcosecos

19)

The correlation of two shifted, unequal sinc waveforms in the
GTFT domain is a sinc waveform. The peak shift would be
equal to the offset of frequencies between the sinc waveforms.
Thus, the peak shift in GFEC output is given by: f? - sin a.
For simplicity of notation, we henceforth replace o5 by o.
Thus, we get that:

Ad = fgtd cosa + fgsina — 1.50153 sina + a,tgsina, (20)

where Ad is peak shift of output of GFEC. After normal-
ization, the samples are spaced A%c = ——— apart in
GTFT domain; so to get the actual sample difference, we have
to multiply distance Ad with Az and ty. After performing
dimensional normalization in GTFT domain, expression of
peak shift of output of GFEC can be given by:

Ad,, = AzAd - 1y, 21
= [\/M] . Tmaz [td cosa - ——"— + fysina
[s Tnaw
— 1.5¢- tﬁ sina + a, - tgsin a} , 22)
= fstacosa + (fa — 1.5ct + a,tq) Tnas sin a, (23)

where Ad,, is peak shift of output of GFEC after dimensional
normalization. Hence, the peak shift is given by:

Ad, = fstgcosa+ (fa — 1.50153 + artg) Tae sina (24)

B. GFEC applications: Joint parameter estimation

This section presents the mathematical derivation for joint
estimation of time delay and chirp offset parameter. The
transmitted signal x'"(¢) is a double quadratic chirp, used for
joint parameter estimation. A double quadratic chirp contains
two quadratic chirps of the same pulse width but different
chirp parameters, and is given by:

xtr(t) _ T€Ct(£> .[eicl‘rrte'—&-ialfrtz 4 engﬂt3+ia2ﬂt2]’ (25)

Considering an extension of the echo model presented in [6],
the received signal 2"¢¢"(t) is given by:

. . 2, 3
:Crech(t) _ CC(t _ td)'eﬂﬂfdﬂrwrart +im -t ,

(26)

= rect [t _ td] . |:eicl77(t_td)3+ia1Tr(t—td)2
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where ¢, a; and co, as are quadratic rate and chirp rate of the
respective chirps. Applying GTFT to x"°°"(t), we get:

+oo

/ rect {t — td} {eiclTr(t*td)3+ia17r(t7td)2
T

— 00
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Xox(f) =

: Koc,)\(ta f)dta (27)

If \f§ = c+ J,, cubic phase term is zeroed out and we get:

—+o0

t—t

=A, / rect { d} exp [m[ﬁtg — ct — 3ct?ty + 3ctt?

T
— o0

+at? + at? — 2atty + 2fat + a,t? + LT —2ft (28)
-cosecar + 13 f2cotar + fat?cotar + Mg f2 — %} dt,

where A, = +/1—icota. Thus, optimum A (for each
received wave) is obtained by cubic phase matching condition:

ct+dr (c+J) T

R R

)\ =

(29)

Equation of optimum A; and A corresponding to first and
second chirp are given by

C1 + Jr o (Cl + Jr)Tgfb/aza:
B

A= (30)

co + Jr o (C2 + JT’)TSL/G,QCE
[ E
Optimum GTFT angle « is obtained using quadratic phase

match condition in Eq. (28), so equation of optimum «; and
a corresponding to first and second chirp are given by:

[s
Tmam[gcltd — (a1 + ar)]

Ay =

€29

tanoy = , (32)

similarly,

Js
Tmax [3C2td - (a2 + a“?”)] .

(33)

tan oy =

Thus, we can calculate a, from Eq. (32) and Eq. (33).
Considering Eq. (24) at two different optimum angles a4, s
and matched Aq, Ao

Adyy, = fstacosaq + (fa+ artqg — 1.501t§)TmM sin aq

Adyy, = fstgcosag + (fq+ artq — 1.5cot3) Tpnaz sin az

fa and t4 can be calculated from the above two equations with
the use of the estimated acceleration parameter.

C. Double quadratic chirp waveform: Estimation error

The mean of the estimated parameters obtained by the
separate Eqgs. (29, 30) from each quadratic chirp is taken to
reduce the parameter estimation error in .J,.. Thus, we have:

3t Ae) = (et )
= .
2
Estimation error in J,. is present due to errors in the estimated
parameters i.e dA; and d\y. Thus, ., is estimation error in
J, defined as:

(34)

O f3 (6 + 6Ng)-
= 5 )
Assuming 6A; and d)\o are independent Gaussian random
variables N (0, 0?), variance in J, is calculated as:
a*- fs
var(J,) = 7
We can calculate a,- and t; from Eq. (31) or from Eq. (32) of
paper. Thus, we get,

§J, (35)

(36)

_ f2- (cotay — cotaz) + (a1 — az)

3 . (61 — CQ) '
Error in t; depends on the estimation errors of o and as
i.e. da; and Ja respectively. Assuming they are N(0,0?)
random variables, we get

tq (37

o2 f1. (cosec*ay + cosecta)

tq) = 38
var(tq) 9 (c1 = o) (38)
Similarly, we get,
o — f2 - (cg - cotay — ¢ - cotan) + (ajca — agcl)7 (39)
(c1 = c2)
and thus the error in a,. is
var(ay) = o2 f4.(c? - cosectay + c3 - cosecta) 40)

(c1 = ¢2)?
The variance in fy can also be calculated along similar lines.
We take estimation errors in u; = Ady, and us = Ads, i.e.
Suy and dus respectively as N(0,02) random variables. We

get fq as,
_ug - coseca + ug - cosecary  fitq - (cotay + cotan)
fa= 2 Traa - 2 Traa
—ay - tqg+0.75- (c; +co) - t2.
Assuming error in t4, a, is negligible (for simplicity of
calculation) while calculating variance in fy, we obtain

var(fa) =

(41)

o2 - (cosec?a + cosecap)

(2 : Tmaz)2

02 - (u3 - cosec’ay - cot?an + u? - cosec?a; - cot?ay )
+ 2

2fstqo? - (uy - cosec®ay - cotay + ug - cosec®ag - cotas)
+ 2

(2 : Tmuw)
2 242 4 4

o° - - t5(cosec™ap + cosec™«

+ (fs d( 1 2)) (42)

(2 : Tmaaz)g
Thus, it is observed that the calculated error expressions, will
be minimum, when the optimum fractional Fourier angles (o
and as) will be near to +90°.



D. MSE simulation: double quadratic chirp

Results of Monte Carlo simulation of 100 iterations for
MSE of single target with t; of lsec, fq of 10Hz, J, of
2H 2% and a, of 5Hz? using a double quadratic chirp are
presented in Fig. (3). Here, double quadratic chirp z'"(t) =
rect(%)[ei(*m)“ts”(*uo)”z +ei207rt3+i1007rt2}’ is considered
as transmitting waveform with pulse width of 1sec. Input SNR
is varied from -15 dB to 9 dB. The chirps are taken such that
optimum fractional Fourier angle of first and second quadratic
chirp in simulation are —86.56° and 86.56° respectively.

MSE (dB)

-5 13 -11 -9 -7 -5 -3 -1 1 3 5 7 9
Input SNR (dB)

(a)

50 :
~GFECT
407 +-GTFT 1,

30 b

201 :

MSE (dB)

25 43 11 9 7 5 3 4 1 3 5 7 9
Input SNR (dB)
(b)
Fig. 3. MSE in estimation of a time delay and chirp offset parameters (a)
MSE in estimation of J,, a,, and t4 (b) MSE comparison in estimation of
fa using GTFT and GFEC

V. CONCLUSION

In this paper, the SNR gain and impulse response of
GFMF are derived. Simulations of SNR gain comparison
are demonstrated to show the superior noise performance of
GFMF as compared to time domain matched filtering, FrFT,
and GTFT in the case of known time delay quadratic chirps.
Simulation results are presented to show that GFMF gives
lesser SNR degradation than time-domain matched filtering
for non-zero Doppler frequency. The GFEC provides joint
estimation of unknown time delay, frequency offset, frequency
offset rate, and rate of frequency offset rate with a reasonable
accuracy using double quadratic chirp waveform. Finally, the
MSE of estimated parameters is presented, from which it can
be inferred that the MSE of GFEC is lower compared to other
existing methods for the same input SNR.

In the future, higher order waveforms can be analyzed using
GFMF by appropriate selection of h(-) in the kernel. Higher
order chirp waveforms can be used for joint estimation of
target parameters using GFEC.
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